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Abstract: This paper presents a numerical study on the effects of added mass on the microbeams 
oscillating in an incompressible inviscid stationary fluid. By applying “Slender Wing” and “Three 
dimensional aerodynamic” theories the inertial effects of fluid on the microbeam dynamics has been 
modeled as a mass added to microbeam mass. The results have showed that the added mass for 
clamped-clamped beams are higher than cantilever beams for first mode and lower for other three 
modes. Galerkin-based step by step linearization method (SSLM) and Galerkin-based reduced order 
model have been applied to solve the nonlinear static and dynamic governing equations, respectively. 
Water by neglecting viscidity effects, has been considered as a surrounding fluid and the frequency 
response of the microbeam has been compared with that of vacuum conditions. It has been shown that 
because of the added mass effects in water environment, the natural frequencies of the microbeam 
decrease. Copyright © 2009 IFSA. 
 
Keywords: MEMS, Microbeam, Added mass, Frequency response 
 
 
 
1. Introduction 
 
It is known that Microelectromechanical systems (MEMS) play an important role in modern 
technologies. The ability of MEMS to miniaturize, reduce the cost and energy consumption makes 
them to be interesting object for researches. These micro devises are commonly seen in various 
structures such as pressure sensors, micro-mirrors, micro-pumps, accelerometers and etc [1-4]. Many Sensors & Transducers Journal, Vol. 103, Issue 4, April 2009, pp. 73-82 
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of researchers are trying to develop modelling and simulating the various environmental conditions on 
MEMS structures. One of these conditions can be due to quality of fluid which surrounds the structure. 
It can be shown that structural component, when submerged in a fluid exhibits decrease in natural 
frequencies. In general, the surrounding fluid exerts a reaction force on the structure which is 
represented as an added mass [5, 6]. In the dynamical analysis of micro-pumps and micro-
densitometers where a microstructure submerged in a fluid, its inertial effects can be modeled as a 
mass added to microstructure mass. Some researchers have presented theories that treat the concept of 
added mass and fluid loading on the structures. For example three-dimensional linear aerodynamic 
theory [7], the slender wing theory [8], or the traveling wave solution [9, 10] are popular theories that 
can be applied to investigate the mechanical behavior of the structures submerged in a fluid. Minami 
[11] has applied the thin airfoil theory to calculate the added mass on a membrane with fixed ends. He 
has shown that the frequency and the amplitude of the oscillations dos not affect the added mass and 
the added mass only depends on the fluid density and the membrane dimensions. Meyerhoff [12] has 
calculated the added mass of thin rectangular plates in infinite fluid, and used the dipole singularities 
to describe the potential flow around a flat rectangular plate. Ergin et al. [13] have calculated wet 
natural frequencies and associated modes of partially submerged cantilever plates by the method of 
images and boundary-integral equation method. They have concluded that the proposed method is 
suitable for relatively high frequency vibrations of partially submerged elastic structures. Sinha et al. 
[5] have suggested a formula for added mass of the vibrating perforated plate-type structures 
submerged in fluid based on the experimental and analytical studies. As they mentioned this could be 
of considerable importance to designers for structural dynamic evaluation of such components without 
the need to conduct a modal test. Muthuveerappan et al [14] and Rao et al. [15] have used the finite-
element method to solve the fluid–structure interaction problems for completely submerged elastic 
plates. 
 
Yadykin et al. [6] have presented a review of different theories that determine the fluid loading on 
plates which is required to calculate the added mass. But, it is mentionable that all of mentioned 
researches are done in macro-scale structures. 
 
The purpose of this paper is investigations of dynamic specifications and forced response of an 
electrostatically-actuated micro clamped-clamped beam by considering added mass effects, where this 
study can be useful to the analysis of micropumps and densitometers behavior. It is assumed that the 
microbeam is immersed in an incompressible inviscid stationary fluid. The fluid equivalent mass 
obtained using “Slender Wing” and “Three dimensional aerodynamic” theories, is added to the 
microbeam mass. Galerkin-based step by step linearization method (SSLM) is applied to calculate the 
static deflection of the microbeam. Then nonlinear governing dynamic equation is linearized about the 
static equilibrium position and Galerkin-based reduced order model is used to obtain the forced 
response of the microbeam vibrations. 
 
 
2. Model Description 
 
2.1. Nonlinear Distributed Electromechanical Coupled Model 
 
Electrostatically-actuated microbeams with clamped-clamped boundary conditions are studied here 
(see Fig. 1) to show the concept of the added mass on oscillating micro structures. The work is easily 
extendable to cantilever and simply-supported microbeams. The devices consist of a deformable 
elastic beam that is electrostatically actuated by an applied voltage. When a voltage, V(t) is applied on 
the upper and lower electrodes, the upper deformable beam moves transversely due to the time-
dependent electrical force. 
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Fig. 1. Schematic of an electrostatically-actuated microbeam. 
 
 
2.2. Mathematical Modeling 
 
The governing equation which introduces the transverse displacement of the beam, () t x w ,  actuated by 
an electrical load of voltage ) (t V  is written as [16]: 
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where  E
~
 is dependent on the beam width, b and thickness, h. A beam is considered wide when 
h b 5 ≥ . Wide beams exhibit plane-strain conditions, and therefore, E
~
 becomes the plate modulus, 
) 1 (
2 υ − E  where E  and υ  are the Young’s modulus and Poisson’s ratio, respectively. A beam is 
considered narrow when  h b 5 < . In this case, E
~
 becomes the Young’s modulus, E. I is the effective 
moment of inertia of the cross-section and is  12
3 bh  which is wide relative to thickness and width. ρ  
is density of beam. d, κ and ε  are initial gap, dielectric coefficient of the gap medium and dielectric 
constant, respectively. The microbeam is subjected to a structural damping [17]. This effect is 
approximated by an equivalent damping coefficient, c per unit length [16]. The clamped-clamped 
beam’s boundary conditions are given by: 
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x
w
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2.3. Definition of the Added Mass 
 
As mentioned, concept of the added mass is widely used in the cases that a solid structure undergoes 
fluid loading especially when it is immersed in a fluid. When a beam oscillates in a fluid, the inertial 
effects of fluid on the beam dynamics is modeled as a mass added to beam mass. In this section 
magnitude of the added mass will be calculated and added to the beam mass in governing equation. 
 
For an incompressible inviscid stationary fluid, the rate of change in time of kinetic energy of any 
portion of the fluid is equal to the work done by the pressures on its surface [18]: 
 
∫∫ ∆ − =
S
z
k PdS V
dt
dE
,  (3)
 
where Ek is the fluid kinetic energy,  z V  is the vertical velocity of the fluid particle, S indicates the 
fluid-solid interaction surface and  P ∆  denotes the pressure exerted from outside an element dS  of the 
boundary and is doing work. Assuming the beam to be fluid–solid interface [19], and considering 
small vibrations the integral in equation 3 can be rewritten as: Sensors & Transducers Journal, Vol. 103, Issue 4, April 2009, pp. 73-82 
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∫∫ ∫∫ ∆
∂
∂
= ∆
bL
S
z Pdxdy
t
w
PdS V
00
,  (4)
 
where  t w ∂ ∂ /  is the vertical velocity of the beam. As reported by Minami [11] the rate of change of 
kinetic energy in time of the oscillating beam having a mass per unit area equivalent to the added 
mass, M is written as: 
 
∫∫ ∂
∂
∂
∂
=
bL
k dxdy
t
w
t
w
M
dt
dE
00
2
2
  (5)
 
So, with attention to Eqs. 3, 4 and 5 it can be obtained an expression for the added mass as: 
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⎝
⎛
∂
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∂
⎟ ⎟
⎠
⎞
⎜ ⎜
⎝
⎛
∂
∂
∆ − = ∫∫ ∫∫
bL bL
dxdy
t
w
t
w
dxdy
t
w
P M   (6)
 
As found out from equation 6, the fluid loading,  P ∆  has a direct effect on the magnitude of added 
mass. Different formulations for  P ∆  have been reported by some researchers which have been 
reviewed by Yadykin et al [6]. For a thin narrow plate "Slender-Wing" theory [8] can be applied as 
following: 
 
) , (
4
) , (
2
t x w
x L
U
t
A
L
t x P
F ⎟
⎠
⎞
⎜
⎝
⎛
∂
∂
+
∂
∂
= ∆
π ρ
  (7)
 
where  F ρ  is the fluid density, U is the fluid constant velocity parallel to the plate and  L b A / =  is the 
aspect ratio of the plate. Here, for a stationary fluid the added mass is: 
 
A
L
M
F
4
π ρ
=   (8)
 
But the generalized fluid loading on the flexible plate is obtained using "Three dimensional 
aerodynamic" theory [7]. Using this theory for stationary fluid,  P ∆ can be expressed as: 
 
 
(9)
 
where ζ and η  are dummy variables.   and  are nondimensional coordinates which are related with 
x and y by following relations 
 
 
(10)
 
and 
 
 
(11)
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Now, the calculated added mass must be entered into the Eq. 1 as: 
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For convenience, the nondimensional added mass, µ  and variables are introduced as: 
 
 
(13)
 
Time is non-dimensionalized by a characteristic period of the dry system according to: 
 
 
(14)
 
By substituting these nondimensional parameters into Eq. 12, this equation is obtained as following: 
 
 , 
(15)
 
where 
 
 
(16)
 
 
3. Numerical Solution 
 
It is considered that the microbeam is actuated by a small amplitude AC voltage. So, in Eq. 15, V(t) is 
equal to  . To solve Eq. 15, the forcing term is linearized about the undeflected position of the 
beam and the linearized equation is written as following: 
 
, 
(17)
 
where   is nondimensional excitation frequency related with Ω by following equation: 
 
 
(18)
 
In order to solve Eq. 17, a reduced-order model can be used [20]. So,   can be expressed as: 
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, 
(19)
 
where   is the j
th shape function that satisfies the boundary conditions. The unknown , is 
approximated by truncating the summation series to a finite number, N : 
 
 
(20)
 
In this paper,   is the j
th linear undamped mode shape of the straight microbeam. 
 
By substituting the Eq. 20 into Eq. 17, and multiplying by   as a weight function in Galerkin 
method and then integrating the outcome from  , the Galerkin based reduced-order model is 
generated: 
 
, 
(21)
 
where  C   M, , 
mech K , 
elec K  are mass, damping, mechanical and electrical stiffness matrixes, 
respectively and F introduces the force vector as following: 
 
   
 
∫ =
1
0
dx K
iv
j i
mech
ij φ φ  , 
 
,  ∫ =
1
0
2
0 2 dx V F i i φ α   i,j=1,…,N  (22)
 
In order to determine the natural frequencies of the microbeam, free vibration of the microbeam 
around its undeflected position can be considered. To this end the AC voltage and damping term in Eq. 
21 must be equaled to zero. So, this equation is rewritten as: 
 
 
(23)
 
The i
th nondimensional natural frequency of the beam is determined as: 
 
ii
mech
ii
i M
K
= ω   (24)
 
By solving the governing equation, also frequency response of the system is investigated with and 
without considering added mass effect. 
 
 
4. Results and Discussion 
 
To show the numerical results of the analysis presented in previous section, a clamped-clamped 
microbeam which vibrates in a single natural mode, is considered by characteristics introduced in Sensors & Transducers Journal, Vol. 103, Issue 4, April 2009, pp. 73-82 
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Table 1. It must be mentioned that width of the beam will change in various aspect ratios. The 
structural damping is estimated to be 0.5% of critical damping of undeflected beam [17]. It is 
considered that the proposed model oscillates in both water and vacuum where κ is  78 and 1, 
respectively. 
 
Table 1. The values of design variables. 
 
Design 
Variable  L h d E  ρ   ε   V0 
Value  m µ 400   m µ 5 . 1   m µ 0 . 2   Gpa 169   3 / 2331 m kg pF/m   85 . 8   V 01 . 0  
 
 
In Fig. 2, nondimensional added mass for the microbeam calculated using both "Slender-Wing" theory 
and "Three-dimensional aerodynamic" theory is shown. Gained from Eq. 8 and Fig. 2 the added mass 
calculated by "Slender-Wing" theory dos not depends on the order of the mode number. But in "Three-
dimensional aerodynamic" theory the added mass have a different value for different mode numbers. 
Also it is shown that increasing the order of natural mode number decreases the added mass. 
Comparison between the values calculated by the three-dimensional aerodynamic theory and those 
calculated by the slender-wing theory shows that there is a considerable discrepancy especially for low 
aspect ratio and low modes. 
 
 
 
 
Fig. 2. The variation of the nondimensional added mass versus aspect ratio; "Slender-Wing" theory (dotted line) 
and "Three-dimensional aerodynamic" theory (continues lines). 
 
 
It can be obtained from results of Yadykin et al. [6] that for first four modes the values of added mass 
calculated for cantilever plates are higher than those for the simply supported plates except the added 
mass of first mode. It may be interesting to find out the difference of the values of added mass between 
cantilever and clamped-clamped beams. So, the values of added mass for clamped-clamped 
microbeams with the same characteristics of the cantilever beams are calculated. In Fig. 3 
nondimensional added mass for undeflected clamped-clamped and cantilever microbeams are shown 
and compared. It is clearly seen that the added mass for clamped-clamped beams are higher than Sensors & Transducers Journal, Vol. 103, Issue 4, April 2009, pp. 73-82 
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cantilever beams for first mode and lower for other three modes. Also it is seen that the difference 
becomes smaller when the beams have low aspect ratio or oscillate in higher mode orders. 
 
 
 
 
Fig. 3. The comparison of the nondimensional added mass between clamped-clamped (dotted lines) and 
cantilever (continues lines) microbeams for various aspect ratios and natural mode orders: first mode (circles); 
second mode (squares); third mode (triangles); fourth mode (stars). 
 
 
Fig. 4 shows the calculated non-dimensional natural frequencies of the clamped-clamped microbeam 
for different fluids. The fluid densities are selected between 
3 / 556 m kg   (Butane) to 
3 / 1584 m kg  
(Carbon Tetrachloride) where the densities of many of industrial fluids are in this range. It is clearly 
seen that because of the direct effects of the fluid density on the added mass, increasing the fluid 
density decreases the natural frequencies of the microbeam. 
 
 
 
 
Fig. 4. The variation of the nondimensional natural frequencies of the microbeam  
with fluid density for aspect ratio=0.1. Sensors & Transducers Journal, Vol. 103, Issue 4, April 2009, pp. 73-82 
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Fig. 5 shows the frequency response of the microbeam when oscillates in both of water and vacuum 
environments. Gained from equation 21, the electrical stiffness is a time dependent parameter and so 
this problem can be introduced as a parametric excitation but as shown in Fig. 5, due to small V0 value 
the electrical stiffness term has no considerable effect on the frequency response of the beam. It can be 
seen that the amplitude of the vibrations of first mode of the model increases when oscillates in water 
in comparison with vacuum. This is due to decrease of the stiffness. Also it is shown that oscillation in 
water decreases the natural frequency of the model due to the added mass effects. This problem can be 
more important for some devices such as densitometers, micro-pumps and etc. where it strongly is 
required to find out the resonance frequency of the system. It is mentionable that although the 
micropumps are in full-clamped microplate form and our model is not a proper model for micropumps, 
but it is expected that similar results are obtained for microplates with full-clamped boundary 
conditions. 
 
 
 
 
Fig. 5. The frequency response of the microbeam for aspect ratio=0.1. 
 
 
5. Conclusion 
 
In the presented work, the effects of added mass on the mechanical behavior of microbeams were 
studied. Comparison between the values calculated by the "three-dimensional aerodynamic" theory 
and those calculated by the "slender-wing" theory showed that there is a noticeable discrepancy 
especially for low aspect ratio and low modes. The results showed that the added mass for clamped-
clamped beams are higher than cantilever beams for first mode and lower for other three modes. The 
analysis showed that increasing the fluid density or increasing the aspect ratio increases the added 
mass and decreases the natural frequencies of oscillating beam. Investigated frequency response 
illustrated that due to higher dielectric coefficient, amplitude of oscillation in water environment 
increases compared with vacuum. Also because of small AC voltage, the time dependent electrical 
stiffness has no considerable effects on dynamic behavior of the microbeam. The applied proposed 
model can be used as a fluid densitometer. 
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